POSITIVE DISKS WITH PRESCRIBED MEAN CURVATURE ON THE BOUNDARY*
HONG JIAXINGt 1. Introduction. By a positive disk we mean a positive curvature metric g = gijdu l dui, defined on the closed unit disk D = {(u 1 ) 2 + (u 2 ) 2 < 1}. In the sequel we always denote it by {D,g). Recently, there have been some papers devoted to the boundary value problems for isometric embedding of positive disks into B? with prescribed vertical component of position vector, for example, [PO] [DE] [H02] and [H03] . The present paper is devoted to the Neumann problem for isometric embedding of positive disks which is posed by Yau in [Y4] . Given a smooth positive disk (D,g ) and a positive function h G C co (dD)^ can we find a smooth surface (1.1) f:D^R 3 such that dr 2 = g with the prescribed mean curvature h on f(dD)
Before describing our results, we first introduce an invariant related to umbilical points of surfaces in R 3 . Suppose that the given metric is of the form (1.2) g = Edx 2 4-2Fdxdy + Gdy 2 , (x, y) G D.
Let f be a smooth isometric immersion of (D,g) with the second fundamental form 
DEFINITION. Iff is of no umbilical points on dD, with a = 2{EM -FL) + ^/-l{GL -EN) the winding number of a on dD is called the index of the umbilical points of the surface f and denoted by Index(f) or Index (a).
Obviously, this definition makes sense since p is an umbilical point if and only if a{p) -0. We shall show that the definition of the index of the umbilical points is coordinate-free and hence, an invariant of describing umbilical points of surfaces.
The problem about the realization of a positive disk into R 3 seems to have some obstructions. For details, refer to Gromov's counter example [GR] which is an analytic positive disk not admitting any C 2 isometric immersion. On the other hand, to the author's knowledge the unique known sufficient condition for a smooth positive disk to be smoothly embedded into R 3 is the geodesic curvature of the boundary positive. Therefore the following hypothesis for the solvability is natural. Assume that (1.4) {Dig) admits a smooth isometric immersion ro in R
The main result of the present paper is as follows. THEOREM A. // (D,g ) is a smooth positive disk satisfying (1-4)j then for any nonnegative integer n and arbitrary (n + 1) distinct points po € dD, pi,..., p n G D, the problem (LI) admits two and only two solutions f in C 00 (D,R 3 ) with prescribed mean curvature h on dD and moreover, one principal direction at po is tangent to dD, and at pk parallel to (1.5) that of ro, besides, Index(r) = n and H{pk) = Ho(pk),k = 1, ... 7 n where H and HQ are respectively the mean curvatures of f and ro provided that (1.6) ^=-l>4max on dD
Besides, this solution is a convex surface if the geodesic curvature of dD is nonnegative and (1.7) (ff + v^2 -K) d<7r where 9 = Max^h]^, Vl^loo + {K-^IAK^} and d is the diameter of the given positive disk, A is the Laplacian with respect to the given metric.
Throughout the present paper the uniqueness means unique up to a rigid motion in R 3 . It is worth pointing out two extreme cases. The first one involves the existence. Suppose that the given positive disk (D,g) is of positive constant curvature. Then it is easy to see that this positive disk admits a smooth isometric embedding fb in R 3 which is a simply connected region of the sphere. Under the present circumstance fb is totally umbilical and hence, the right hand side of (1.6) vanishes. Therefore we have THEOREM B. // (D,g) is of constant curvature and y/K < h G C 00 (dD), then (1.1) with (1.5) is always solvable for each nonnegative integer n and arbitrary (n + 1) distinct points po G dD,pi,, . .,p n G D.
The second extreme case involves the nonexistence. If the given positive disk is radius symmetric, i.e., g = dr 2 + G 2 (r)d6 2 0 < r < 1 where G G C^QO, 1]) and
) has such a smooth isometric embedding in R 3 ,
With its mean curvature i^o = HQ{T) we have HQ(1) the problem (LI) has no any C 2 solution. It should be also pointed out that for this radius symmetric positive disk with the aid of Theorem A (1.1) with (1.5) always admits two and only two solutions in C^iD^R 3 ) provided that C^idD) 3 h > 4Ho -3VK as r = 1. The sketch of the present paper is as follows. In Section 2 the invariance of the index of umbilical points is discussed. In Section 3 the openness part of the method of continuity is given and in Section 4 and Section 5 the proofs for Theorem A and Theorem C are completed.
The index of umbilical points.
Let the smooth metric be given in the form of (1.2) and let r be its smooth isometric immersion with the second fundamental form (1.3).
LEMMA 2. 
Expressing them in terms of matrix we have
Notice that det(T) = (x 2^ +y|) (^^y^ -x^y^) equals zero nowhere on D. This implies that cr = EJ(2A 4-z5) vanishes nowhere on dD from (2.1) and hence, Index(a) is well defined.
Since the winding number is invariant under the homotopy preserving cr 7^ 0 on dD, we can make such a homotopy TA, A G [0,1] 
{G + F(yv + W) + \Wf E\
Under the isothermal coordinates the boundary condition is of the form
Furthermore in the present case F in the right hand side of (3.6) is subject to
Now we proceed to deal with the linearized problem of (3.6) (3.9). Suppose that the given surface f is a smooth solution to the problem (1.1). By the definition of W in (3.4) and /x in (3.7) we have |//| < /J,O < 1 on D for some constant /AQ. And the linearized problem of (3.6) (3.9) is as follows and A, B are smooth functions depending only on the first and second fundamental forms of the surface f. In view of (3.9), a direct computation gives 
Since L, y/K and E are positive, it turns out
This is nothing else but the index of umbilical points of the surface f introduced in Section 1. If Index (a) = n, it is easy to see az~n = \a\ exp (y/^l(Arga -nO)) on dD where (Arga -n6) is a smooth function on dD. Since |cr| ^ 0, then without loss generality we may assume that a -z n , otherwise smoothly extend the domain of |cr| and (Arga -n6) to D by preserving |cr| ^ 0, A change of unknown function V to V \(j\ exp ) gives this situation. Now we are faced with the following boundary value problem (3.11) with (3.14)
Re(z-
By the Vekua's theory the solution of (3.11) with (3.14) is of the form
with complex constants c^, k = 0,1, ...,n and c n real, and G (l,oo) and moreover, dzTf -f. Therefore, / satisfies the following integral equation
An important observation for this integral equation is, as an operator in L 2 (D),
(for details, see [V] ) and with A p the norm of operators in L P (D) by the convexity of logAp in p and the fact that \fi\oo is strictly less than one we know (3.20) Apl/^loo < 1 for some p > 2 close to 2
Hence, the principal part of (3.18) is contractive and (3.18) can be reduced to a Fredholm operator in L P (D) . In the present section, unless otherwise statement, p always satisfies (3.20 
where (" is a homemorphism from D onto D with ((0) = 0 and C(Po) = Po (also see [A] ) and moreover, both of (/> and C are analytic outside disk. It is evidently that Vi = V exp(-(/>) satisfies (3.22) in D and a direct computation gives, as the function of £, Vi is analytic in D and continuous on D. Furthermore from (3.14) we have
It is easy to see, as the function of C, Index(Xi) = 0 on dD since £ is a homemorphism, preserving the origin and po. 
Without loss of generality we may assume pi = 0 and po = (1,0). Hence V(pi) = 0 implies CQ = 0 and
View of (3.24) (3.25) (3.26) as a linear algebraic equations with the unknowns ci,..., c n _i, ic n , -c n _i, -c n _27 •••> -ci. It is easy to see that the matrix of the coefficients is nothing else but the Vandermonde determinate composed of l,p2 , ...,Pn jfe)
_1 -Since ^ 7^ Pk' and p^ G -D for all k > 1, ci = C3 =,.., = c n -0 follows immediately. This proves V = 0 and completes the proof of the present lemma.
From the above argument it is easy to fix the constants Ck in (3.16) such that
where lo E R 1 , /1,..., ^n are given constants and moreover, uniquely 
satisfies the homogeneous problem of (3.11) (3.14). On the other hand, by the construction of Ck it follows V(po) = 0, V(pk) = 0, A: = 1, ..n. Thus Lemma 3.1 tells us V identically zero. In view of the fact that dV/dz = /, we know / and all constants Ck also identically zero. This proves the uniqueness of solution to (3.18) in L P (D) . (3.28) is an immediate consequence of the compact argument. This ends the proof for the present lemma.
We shall prove the main theorem of the present paper by the method of continuity. Consider an one-parameter family of smooth positive disks. [Y3] we know H(p*) bounded above by the second part of the right hand side of (3.33). This ends the proof for the present lemma.
Several lemmas.
This section intends to deal with the a priori estimates for the bounds of the solutions |rAU+a where A G S. The difficulties come from the occurrence of umbilical points near dD. We must show that H 2 -K has a positive lower bound for all f\ where A G S near dD. Before doing so we introduce some lemmas.
LEMMA 4.1. Proof. This is a result due to [V] . For convenience of readers the proof is given here. First of all we assume fi G C 00 (R 2 ) with supp /J, C D. Let us look for such solutions of the form 
If n G C 00 (D) and \fi\oo < 1, then there is a ((z) G C 00^) which is homeomorphism from D onto D with ("(0) =0 and satisfies
Analogously we can soon get, as a function of £, z -2(C) G W 1,P (Z)) and ||Z^^||p < 2/(1-Hoc)-Finally a limit procedure will soon complete the proof for the present lemma. Now let us consider a special problem Hence l/^oo < q < 1. Suppose that C = Ct(z) an d z = zt(C) are the homeomorphism mentioned in Lemma 4.1 for tfi. It is evident that Ct(z) (zt(0) are equicontinuous for all t G A. Set Ct(Pk) = Pk{t)' It is easy to see that there is a positive constant £i independent of t G A such that |pjfe(£)| < 1 -Si. Since W is analytic in £ G D, it follows that W has the explicit formula w-S _. te C-C(pi(<)) C-^PaW) C-C(Pn(*)) (4.14) \\D 2 W\\ LP{D5/2) < C p and |^W|c^/ 2) < C a for each p € [2,+oo) and a € (0,1) and some constants Cp, Ca depending only on 1/(1-Hoc) and |/i|i Now we are in the position to deal with the estimates in D\Ds. An application of the De Giorge' iteration to (4.12) with (4.13) and (4.14) soon bounds the Holder norm of (j) in C^(D\Ds) for some positive constant /? depending only on 1/(1 -g) and hence, bounds the L p -norms over D\Ds for D(j) as a function of ( for each p £ (2,+oo). Pulling back to the original z we have controlled the L p -norm of DW over D for some p > 2 close to 2 like in (3.20) and hence, the norm of W in C a (D) where a = 1 -2/p. Finally by differentiation of (4.6) and using the explicit formula (3.15) (3.18) without difficulty we can bound all the following norms In view of the fact that /ndea^VFi) = n, a similar argument in proving Lemma 3.1 using the contraction mapping principle soon yields AW = 0 as t £ [0, £o] for some positive constant £o-Step by step we can arrive at t = 1 and conclude that W^i(l) -W2(l) -Wx-W^ identically zero. This completes the proof for the present lemma. Now scaling the given metric g we have, in the isothermal coordinates,
Smoothly extend the domain of the given prescribed mean curvature h to D such that dD and satisfying (3.32) (4-19) and moreover, at X -0, {Wi -ay/^Vj/y/a 2 -1 tuztfi cr = h(Qi)lyjK (G) are the solutions mentioned in Lemma 4-2.
Proof Let us focus our attention on (3.6). In the present case, the corresponding F subject to \i-W\\F (W,W,g x 
for some constant C independent of A and W , W. Similarly, by (3.9 ) the boundary condition is of the form
on dD with a = h(0)/y/K{0).

Consequently, if still denote (W -aVj/^/a
2 -1 by W, then W is a solution to the following problem (D) . Pulling back to the original W we have that when A = 0, for each n G Z + (3.6) with (3.9) admits a unique smooth solution satisfying (4.8) and ImW > 0 on D.
When A > 0, in view of (4.20) and using the contraction mapping principle one can obtain that there is a positive constants AQ such that for all A G [0, AQ] the problem (3.6) with (4.21)(3.32)(4.19) admits a smooth solution W = W(X) and moreover, W(X) is in C 1 ([0, Ao],C 00 (5)) and hence, ImW(X) > Co for some positive constant CQ if Ao is small enough. This ends the proof of the present lemma.
Existence and uniqueness.
This section intends to complete the proof of the main theorem in the present paper. Let us first derive an equation satisfied by - §= -1. Under the isothermal coordinates, from (3.8) we have
It is easy to see |$| 2 = -5= -1 and a direct computation yields
Solving W z from (5.3) we obtain for some constant qi depending only on 1/miniif, and 6 in (1.7). Indeed, by the definition in (5.5)
, >l(i-M 2 ) +N(i-H 2 ) ,, , (i-H 2 )N(i-NH)
^l + ( 1 HMl)^™ = i-|(i-H)(i-W)
This implies that we can take qi = 1 -|(1 -|^| 00 )(1 -g) < 1. Proof. Lemma 3.4 provides the bound for the mean curvature and hence, the bounds of |W|OOJ 1/|W -W^. By means of the technique of cutoff functions we can easily obtain the interior estimates for solutions to (3.6) (3.9). namely, with Solving $ z from the second part of (5.11) and its conjugate we have
Differentiation of the first equation of (5.11) using (5.6) gives where i?2 is also a polynomial of </> z and (f> s up to second degree with bounded coefficients since
Notice that (5.14) is uniformly elliptic since it follows that the winding number Index(x) -Index(/!\$) = Index($(Wo)) = Index(Wo -i)= Index(fo) = -2. This contradicts to the fact that x is analytic in the unit disk and Theorem C is proved.
The proof for Theorem A. Suppose that there is a smooth isometric immersion fo of the given positive disk. Denote its mean curvature by HQ-By the hypothesis on the given prescribed mean curvature (1.6) one can find an extension of h in C 00 {D), still denoted by h, subject to (4.17)(4.18). Let the given metric g\ be defined in (4.16). Consider the problem (1.1) for (D y g\) with the prescribed mean curvature h(Xu) on dD and the subsidiary condition (3.32) (4.19). Theorem 3.3 and Lemma 4.3 tell us that the following set The proof for the uniqueness. Suppose that (1.1) with (1.5) admits at least three solutions. Then without loss of generality we may assume that there are at least two solutions fi G C 00 (D,R 3 Now we proceed to deal with the proof for the last part of Theorem A. Let us focus our attention on the spherical map from r into S 2 . If it is diffeomorphic, then r is a convex surface and an embedding from D into R 3 . Since f has positive curvature, it follows that its spherical map is an immersion into S 2 . Suppose that there are two points <7i,(/2 ^ D whose the images of the spherical map of f(qi) and ffe) coincide with each other and without less of generality, we may assume that the image is just the unit vector of the z axis, k. By the hypothesis that the geodesic curvature of dD is nonnegative, one can find an arc length parameterized geodesic 7 (5) On the other hand k is the normal to f at 7(0) and 7(0 and hence, z s (0) = z s (l) = 0. this contradicts to (5.29) and proves the previous claim. This ends the proof for the main theorem.
